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“Cogito ergo Sum” – “I think, therefore I am”

René Descartes (1596–1650)

“Success is not final, failure is not fatal, it is the courage to continue that counts.”

Winston Churchill (1874–1965)

“I can see that without being excited, mathematics can look pointless and cold. The beauty of

mathematics only shows itself to more patient followers.”

Maryam Mirzakhani (1977–2017)



Id
ea
M
at
h

In
te
rn
al
us
e

c �
C
op
yr
ig
ht

20
08

–
20
21

Id
ea

M
at
h

Contents

1 Advanced integration techniques 1
1.1 A quick warm up – practice set 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Integration by parts and improper integration (part 1) . . . . . . . . . . . . . . . . . 2
1.3 Motion on curves (part 1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.4 A quick warm up – practice set 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.5 Integration by parts and improper integration (part 2) . . . . . . . . . . . . . . . . . 6
1.6 Motion on curves (part 2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.7 A quick warm up – practice set 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.8 Integration by parts and improper integration (part 3) . . . . . . . . . . . . . . . . . 10
1.9 Motion on curves (part 3) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
1.10 A quick warm up – practice set 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.11 Integration by parts and improper integration (part 4) . . . . . . . . . . . . . . . . . 14
1.12 Motion on curves (part 4) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
1.13 A quick warm up – practice set 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
1.14 Integration by parts and improper integration (part 5) . . . . . . . . . . . . . . . . . 17
1.15 Motion on curves (part 5) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
1.16 More studies of curves and integration techniques (part 1) . . . . . . . . . . . . . . . 19
1.17 More studies of curves and integration techniques (part 2) . . . . . . . . . . . . . . . 20
1.18 More studies of curves and integration techniques (part 3) . . . . . . . . . . . . . . . 21
1.19 More studies of curves and integration techniques (part 4) . . . . . . . . . . . . . . . 22
1.20 More studies of curves and integration techniques (part 5) . . . . . . . . . . . . . . . 24

2 Curves and series 25
2.1 Classifications and approximations of some curves (part 1) . . . . . . . . . . . . . . . 25
2.2 Introduction to infinite series (part 1) . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.3 Classifications and approximations of some curves (part 2) . . . . . . . . . . . . . . . 28
2.4 Introduction to infinite series (part 2) . . . . . . . . . . . . . . . . . . . . . . . . . . 30
2.5 Classifications and approximations of some curves (part 3) . . . . . . . . . . . . . . . 32
2.6 Introduction to infinite series (part 3) . . . . . . . . . . . . . . . . . . . . . . . . . . 33
2.7 Classifications and approximations of some curves (part 4) . . . . . . . . . . . . . . . 35
2.8 Introduction to infinite series (part 4) . . . . . . . . . . . . . . . . . . . . . . . . . . 36
2.9 Classifications and approximations of some curves (part 5) . . . . . . . . . . . . . . . 38

iii



Id
ea
M
at
h

In
te
rn
al
us
e

c �
C
op
yr
ig
ht

20
08

–
20
21

Id
ea

M
at
h

iv

2.10 Introduction to infinite series (part 5) . . . . . . . . . . . . . . . . . . . . . . . . . . 39
2.11 General techniques and concepts in Calculus (part 1) . . . . . . . . . . . . . . . . . . 41
2.12 Maclaurin series and infinite series (part 1) . . . . . . . . . . . . . . . . . . . . . . . 42
2.13 General techniques and concepts in Calculus (part 2) . . . . . . . . . . . . . . . . . . 43
2.14 Maclaurin series and infinite series (part 2) . . . . . . . . . . . . . . . . . . . . . . . 44
2.15 General techniques and concepts in Calculus (part 3) . . . . . . . . . . . . . . . . . . 46
2.16 Maclaurin series and infinite series (part 3) . . . . . . . . . . . . . . . . . . . . . . . 47
2.17 General techniques and concepts in Calculus (part 4) . . . . . . . . . . . . . . . . . . 49
2.18 Maclaurin series and infinite series (part 4) . . . . . . . . . . . . . . . . . . . . . . . 50
2.19 General techniques and concepts in Calculus (part 5) . . . . . . . . . . . . . . . . . . 52
2.20 Maclaurin series and infinite series (part 5) . . . . . . . . . . . . . . . . . . . . . . . 53

3 More on curves and series 55
3.1 The centroid (part 1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
3.2 Hyperbolic functions (part 1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.3 The centroid (part 2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
3.4 Hyperbolic functions (part 2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
3.5 The centroid (part 3) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
3.6 General techniques and concepts in Calculus (part 6) . . . . . . . . . . . . . . . . . . 62
3.7 Practice set 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
3.8 General techniques and concepts in Calculus (part 7) . . . . . . . . . . . . . . . . . . 64
3.9 Practice set 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
3.10 General techniques and concepts in Calculus (part 8) . . . . . . . . . . . . . . . . . . 66
3.11 Practice set 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
3.12 General techniques and concepts in Calculus (part 9) . . . . . . . . . . . . . . . . . . 68
3.13 Practice set 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
3.14 General techniques and concepts in Calculus (part 10) . . . . . . . . . . . . . . . . . 70
3.15 Practice set 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
3.16 Convergence and the magnitudes of small and large quantities (part 1) . . . . . . . . 72
3.17 Maclaurin series and Taylor series (part 1) . . . . . . . . . . . . . . . . . . . . . . . . 74
3.18 Convergence and the magnitudes of small and big quantities (part 2) . . . . . . . . . 75
3.19 Maclaurin series and Taylor series (part 2) . . . . . . . . . . . . . . . . . . . . . . . . 77
3.20 Convergence and the magnitudes of small and big quantities (part 3) . . . . . . . . . 79

4 Convergence and the Extended Mean Value Theorem 81
4.1 Review set 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
4.2 (Conditional and absolute) Convergence (part 1) . . . . . . . . . . . . . . . . . . . . 83
4.3 Review set 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
4.4 (Conditional and absolute) Convergence (part 2) . . . . . . . . . . . . . . . . . . . . 85
4.5 Review set 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
4.6 The Extended Mean Value Theorem (part 1) . . . . . . . . . . . . . . . . . . . . . . 87
4.7 Review set 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
4.8 The Extended Mean Value Theorem (part 2) . . . . . . . . . . . . . . . . . . . . . . 89



Id
ea
M
at
h

In
te
rn
al
us
e

c �
C
op
yr
ig
ht

20
08

–
20
21

Id
ea

M
at
h

v

4.9 Review set 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
4.10 The Extended Mean Value Theorem (part 3) . . . . . . . . . . . . . . . . . . . . . . 91
4.11 More general techniques and concepts in Calculus (part 1) . . . . . . . . . . . . . . . 93
4.12 More general techniques and concepts in Calculus (part 2) . . . . . . . . . . . . . . . 94
4.13 More general techniques and concepts in Calculus (part 3) . . . . . . . . . . . . . . . 96
4.14 More general techniques and concepts in Calculus (part 4) . . . . . . . . . . . . . . . 97
4.15 More general techniques and concepts in Calculus (part 5) . . . . . . . . . . . . . . . 98
4.16 More general techniques and concepts in Calculus (part 6) . . . . . . . . . . . . . . . 100
4.17 More general techniques and concepts in Calculus (part 7) . . . . . . . . . . . . . . . 101
4.18 More general techniques and concepts in Calculus (part 8) . . . . . . . . . . . . . . . 102
4.19 More general techniques and concepts in Calculus (part 9) . . . . . . . . . . . . . . . 103
4.20 More general techniques and concepts in Calculus (part 10) . . . . . . . . . . . . . . 104

5 Some advanced topics in Calculus 105
5.1 Convergence and Taylor’s Theorem (part 1) . . . . . . . . . . . . . . . . . . . . . . . 105
5.2 Review and extension set 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
5.3 Convergence and Taylor’s Theorem (part 2) . . . . . . . . . . . . . . . . . . . . . . . 108
5.4 Review and extension set 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
5.5 The universal half-angle trigonometric substitution . . . . . . . . . . . . . . . . . . . 111
5.6 Review and extension set 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
5.7 Average and expected value (part 1) . . . . . . . . . . . . . . . . . . . . . . . . . . . 114
5.8 Review and extension set 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
5.9 Average and expected value (part 2) . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
5.10 Review and extension set 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
5.11 Convergence and Taylor’s Theorem (part 3) . . . . . . . . . . . . . . . . . . . . . . . 119
5.12 Review and extension set 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
5.13 Average and expected value (part 3) . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
5.14 Review and extension set 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
5.15 Convergence and Taylor’s Theorem (part 4) . . . . . . . . . . . . . . . . . . . . . . . 124
5.16 Review and extension set 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
5.17 Wallis’ formula and Stirling’s formula . . . . . . . . . . . . . . . . . . . . . . . . . . 126
5.18 Review and extension set 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
5.19 Convergence and Taylor’s Theorem (part 5) . . . . . . . . . . . . . . . . . . . . . . . 128
5.20 Review and extension set 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130



Id
ea
M
at
h

In
te
rn
al
us
e

c �
C
op
yr
ig
ht

20
08

–
20
21

Id
ea

M
at
h

Calculus 2 97

4.14 More general techniques and concepts in Calculus (part 4)

1. Find each of the following.

(a) lim
x!0

x4

x2 � x+ 2 cosx
(b)

Z ln 2

0
tanh t dt (c) Dx ((sinx)cosx)

2. We generalize the concept of the centroid of a region to the “centroid” of a curve—roughly
speaking—the average of the points on the curve.

(a) What is the centroid of a line segment? What is the centroid of the four line segments
forming the boundary of a parallelogram? What is the centroid of an ellipse (just the
boundary, not including its interior)?

(b) Explain why the centroid of an circular arc is not located at the midpoint of the arc.

3. Given an arc, its centroid is—roughly speaking—the average of the points on the arc. For
example, consider the semicircular arc y =

p
1� x2 for �1  x  1. The centroid is usually

denoted by coordinates (x, y). Because this arc is symmetric about the y-axis, it is clear that
x = 0. Thus only y needs to be calculated. As usual, it is convenient to approximate the arc
by a series of inscribed segments, whose lengths are �L =

»
�x2i +�y2i . Imagine that M

points have been distributed uniformly along all of these segments. The task confronting you
is to add all of their y-coordinates and then divide by M .

(a) For any one of these segments, it is reasonable to use the same y-value for every point
found on the segment. What y-value would you use, and why is it reasonable?

(b) If yi represents a segment whose length is �L, then this segment has about
�L

⇡
·M of

the points, and it therefore contributes yi ·
�L

⇡
·M to the sum of all the y-coordinates.

Explain this reasoning.

(c) The average of the y-coordinates of all the points on these segments is approximately

� = y1

»
�x21 +�y21

⇡
+ y2

»
�x22 +�y22

⇡
+ y3

»
�x23 +�y23

⇡
+ · · ·+ yn

»
�x2n +�y2n

⇡
.

It is not di�cult to see that � can be viewed as a Riemann sum and this sum approaches

1

⇡

Z 1

�1
y

s

1 +
Å
dy

dx

ã2
dx as the number of segments grows. Explain these remarks.

(d) Complete the calculation of y.

4. What is the relation between the solution curves for the di↵erential equation
dy

dx
=

y

2
and the

solution curves for the di↵erential equation
dy

dx
=

y

2
? Find equations for the two curves (one

from each family) that pass through the point (0, 2).

5. Evaluate
Z 1

0
x100e�x dx and

Z 1

0
(1� x2)100 dx.
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124 Calculus 2

5.15 Convergence and Taylor’s Theorem (part 4)

1. Use Maclaurin series (instead of l’Hôpital’s Rule) to evaluate lim
t!0

t cos t� sin t

t� sin t
.

2. Find a series
X

an satisfying the following conditions:

(i) One can apply the Root Test to show it is convergent.

(ii) One could not draw a conclusion about convergence by applying the Ratio Test.

Query: Can you find such a series if the roles of the Ratio Test and Root Test are swapped
in the conditions?

3. Determine with justification if the following statement is true.

If the series
1X

n=1

an converges, then the series
1X

n=1

a2n converges.

4. Determine with justification if the following statement is true

If the series
1X

n=1

an, with an � 0, converges, then the series
1X

n=1

a2n converges.

5. Determine with justification if the following statement is true.

If the series
1X

n=1

an converges, then the series
1X

n=1

a3n converges.
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Calculus 2 125

5.16 Review and extension set 8

1

2

y

3.14159265358979 6.28318530717959

x

1. We have shown that one arch of the cy-
cloid (x, y) = (t�sin t, 1�cos t) is exactly
8 units long. Find coordinates for the
point on this curve that is 6 units from
the origin, the distance being measured
along the curve.

2. In ancient times, a clepsydra was a bowl
of water that was used to time speeches.
As the water trickled out through a small
hole in the bottom of the bowl, time was
measured by watching the falling water
level. Consider the clepsydra that is ob-
tained by revolving the curve y = x4 for
0  x  1 around the y-axis. Use Torri-
celli’s Law to show that the water level in
this bowl will drop at a constant rate.

According to current records, the oldest Surviving Water Clock or Clepsydra was
made between 1417 to 1379 BCE. Interested readed mgiht want to visit https://www.

historyofinformation.com/detail.php?id=3067

3. A torus (a mathematical term used to describe the surface of a bagel) is obtained by revolving
a circle of radius a around an axis that is b units from the circle’s center. Without doing any
integration, provide an intuitive value for the area of this surface, and explain your thinking.
Then confirm your answer by setting up and evaluating a suitable integral.

4. Evaluate lim
n!1

2

n

  
2

n
+

 
4

n
+

 
6

n
+ · · ·+

 
2n

n

!

.

5. Find a solution, in closed form, of the di↵erential equation xy0 � y =
4x2

1 + 2x
satisfying the

initial condition f(1) = 1 + 2 ln 3, where y = f(x).

https://www.historyofinformation.com/detail.php?id=3067
https://www.historyofinformation.com/detail.php?id=3067
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128 Calculus 2

5.19 Convergence and Taylor’s Theorem (part 5)

1. Consider the sequence xn =
Å
1

2

ãn ����sin
n⇡

2

�����
1

n

����cos
n⇡

2

���� for every positive integer n.

(a) Write out the first four terms of this sequence, and show that xn ! 0 as n ! 1.

(b) Is the series
1X

n=1

xn alternating? Explain. Does it converge? Explain.

2. Find all real numbers x such that the series
1X

n=1

n!

nn
xn is absolutely convergent.

3. For every positive integer n, let sn =
nX

k=0

(�1)k

(2k)!

Å
⇡

3

ã2k
. Let s = lim

n!1
sn.

(a) Explain why s is known to be between s5 and s5 +
311

211·11! .

(b) What is the exact di↵erence between s and s5?

4. For a nonzero series
P

an, we can illustrate the relationship between the Ratio Test and the
Root Test with a simple calculation:

|an|
1
n = (|a0|)

1
n

Å����
a1
a0

����
ã1

n
Å����

a2
a1

����
ã1

n

· · ·
Ç����

an
an�1

����

å1
n

;

that is, the right-hand side is the limit of the geometric means of the first n consecutive
ratios of the series. Conceptually speaking, if these consecutive ratios have a limit (say L),
then their geometric mean shall have the same limit L—because we are taking the geometric
mean of a large number of terms with almost all them approximately equal to L. To be more
concise (but yet not a complete proof), complete the following paragraph. (In Analysis, we
study the concepts of limit inferior and limit superior of a sequence. With those concepts, it
is not di�cult to clear up the following argument formally. In the next chapter, we will also
learn better way to prove this fact.)

Let (a1, a2, . . . ) be a nonzero sequence with lim
n!1

����
an
an�1

���� = L. For arbitrarily

✏ > 0 (with L > ✏), there is a large positive integer N , such

that we have 0 < L� ✏ <
����
ai
ai�1

���� < L+ ✏ for every . For every ,

we can write

= (|aN |)
1
n

Å����
aN+1

aN

����
ã1

n

· · ·
Ç����

an
an�1

����

å1
n

.

It follows that for every , we have

(|aN |)
1
n (L� ✏)

n�N
n < < (|aN |)

1
n (L+ ✏)

n�N
n .
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Calculus 2 129

Because N and aN are fixed, we also have

lim
n!1

(|aN |)
1
n = 1, lim

n!1
(L+ ✏)

n�N
n = L+ ✏, lim

n!1
(L� ✏)

n�N
n = L� ✏.

We see that for large n, |an|
1
n can be sandwiched in between quantities that can be

made arbitrarily close to L.

While the Root Test is a stronger then the Ratio Test, the Ratio Test is much more practical
in many situations because many series (in particular, Taylor series) involve various forms of
n! in their expressions.

Query: Do you know why the argument given above is not a complete rigorous proof yet?

5. We have proved the Limit Comparison Test which states

Suppose that {an} and {bn} are two positive sequences, and that lim
n!1

an
bn

is a finite

number L. The infinite series
P

an and
P

bn either both converge or both diverge.

The question is: Does the statement remain true if the terms in the sequences are not always
positive? In other words, determine whether the following statement is true.

Suppose that {an} and {bn} are two nonzero sequences, and that lim
n!1

an
bn

is a finite

number L. The infinite series
P

an and
P

bn either both converge or both diverge.
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